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dot ~Secs. II A and II B!. Then we solve the ‘‘two-particle’’
problem by calculating the energy of the electron-hole ex
tations of the system~Sec. II C!.

A. Single-particle calculation

We use a pseudopotential Hamiltonian to model
single-particle electronic structure of the system
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The spin-orbit interaction is represented by a nonlo
pseudopotential,Vnonlocal(G,G8), which is evaluated in rea
space using the linearly scaling small box method from R
22. This method applies the nonlocal pseudopotential to e
atom in turn. For each atom, a new wave functioncbox(r )
5c i(r ) is defined within a small box around the atom
cbox(r ) is periodically repeated and then fast Fourier tra
forms are used to generatecbox(G). The non-local pseudo
potential is then applied by

f i~G!5(
G8

Vnonlocal~G,G8!cbox~G8!. ~5!

The InAs dots, surrounded by barrier material, form
supercell that is periodically repeated. Sufficient barrier
oms are used, to ensure that the interactions between an
dot and its periodic images are negligible. The total num
of atoms ~In, As, and barrier! in the largest supercell is
25 000 atoms, which is too large for the Hamiltonian in E
~1! to be solved by conventional diagonalization metho
We thus use the ‘‘folded spectrum method,’’23,24 in which
one solves for the eigenstates of the equation

~Ĥ2e re f!
2c i5~e2e re f!

2c i , ~6!

wheree re f is a reference energy. By placinge re f
l

f.
ch

-

t-
As
r

.
.



F~F11!5K (
n

un,G f n
( i )u~ F̂u1F̂ f !



r
separated byr 5628 Å, e(r ) approaches the particula
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This difference can be attributed to the fact that the pseu
potential calculated hole states are derived from a mixtur
the bulk heavy and light hole states.

B. The nature of the single particle wavefunctions

The results of the single-particle wave-function analy
from Eqs.~8!–~10! is given for the 42.2 Å diameter dot in
Table V. Details of the analysis for the other dot sizes
given at Ref. 35. Only the states which contribute to
excitonic peaks discussed in Sec. II C are listed in the ta
For each state, the fraction of the wave function derived fr
the bulk G-like split off, heavy (G8v) and light hole (G7v)
and lowest conduction band (G6c) states is given~see Fig.
1!. For each of these bulk states, the fraction of the to
wave function derived from envelope functions withs, p, and
d symmetry is also given. The significant contributions
each state are marked in bold. Contributions less than
have been set to zero. For example, the highest energy
state has a fraction of 0.010.0210.0250.04 derived the
bulk split-off band, 0.5010.2910.0950.89 derived from the
bulk heavy and light hole bands and 0.010.0210.050.02
derived from the lowest bulk conduction band. The rema
ing 0.05 fraction is derived from bulk bands further from t
band gap, and from higher angular momentum envel
functions.

Analysis of the results in Table V and those for the oth
size dots reveals several interesting properties of the si
particle wavefunctions:

~1! The origin of the lowest lying electron states in the d
follows qualitatively the predictions of single-band effecti
mass theory. For example, the lowest electron state of
42.2 Å diameter dot~see Table V! is 69% derived from the
bulk conduction band edge state (G6c) with an s-like enve-
lope function. The next two highest electron levels are 6
derived from the same bulk Bloch state, but with ap-like
envelope functions.
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~2! As a result of the small band gap of bulk InAs, there
a strong coupling between the electron and hole states.
proximately 20% of the weight of the lowest energyelectron
statesin the dot is derived from the split-off, heavy and ligh
hole (G8v1G7v) bulk states. This valence-conduction mi
ing explains why the 636 k•p method, which ignores such
coupling, fails to describe these states in InAs dots.

~3! The highest energy hole states in the dot have sign
cant weight from both thes and p envelope functions from
both heavy- and light-hole bulk states. They therefore can
be described, even qualitatively, by a single-band model.
VBM of the 42.2 Å diameter dot~see Table V! has 50%s
and 29%p character. Similarly, the lowest electron state
the dot has 27% non-s character, originating from valenc
bands. Such ans-p mixing is largely absent in current theo
retical descriptions of InAs dots via thek•p method.11

~4! The order of the electron and hole states changes w
size. This reflects different size scaling of the quantum c
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8~a!–8~d!. The identities of each of the major peaks in t
spectra were determined by examining the nature of the
tial and final single-particle states contributing to each pe
i-
k.
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conduction state is the same as in peak~a!. In the approxi-
matek•p language this transition is closest to theP5/2 to S1/2

transition.
~d! ‘‘peak d’’ is a transition with very weak intensity. Fo

the largest dot with 42.2 Å diameter this transition merg
with ‘‘peak c’’ and is no longer distinguishable. The initia
valence state associated with this peak is a doubly degen
hole states with a mix of mostlys and d character. It is
derived from the bulk heavy- and light-hole states. This i
tial state has a total angular momentum that ranges from
to 3.25. The final conduction state is the same as in peak~a!.
In the approximatek•p language this transition is closest
the S5/2 to S1/2 transition.

~e! ‘‘peak e’’ has a similar origin to ‘‘peak d’’ and also
has a very weak intensity. It also merges with ‘‘peak c’’
the largest dot with 42.2 Å diameter. The initial valence st
associated with this peak is a singly degenerate hole s
with a mix of s, d, and someg character. It is derived from
both the bulk spin-orbit, heavy- and light-hole states. T
initial state has a total angular momentum that ranges f
3.03 to 3.75. The final conduction state is the same as in p
~a!. In the approximatek•p language this transition is close
to theS7/2 to S1/2 transition.

~f! ‘‘peak f’’ corresponds to a transition with very wea
intensity that is only observed in the two smaller dots. It h
the same initial state as ‘‘peak a,’’ but the final state is
next highest conduction state. This conduction state is a
ply degenerate state, with ap-like envelope function and a
total angular momentum that ranges from 2.15 to 2.19. In
approximatek•p language, this transition is closest to th
S3/2 to P3/2 transition.
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6.9855wr85 0 0 6.985 211.571 -309I~
P~R!5
1

A2psR

e2(R2R0)2/2sR
2
. ~32!

In Fig. 11~a! we plot ensemble absorption spectra calcula
from Eq. ~24! for quantum dots with a mean diameter
23.9 Å and standard deviations,sR , of 0, 5 and 10% of the
mean size. The functionI (E,R) in Eq. ~24! was obtained by
fitting the size dependence of each of the peaks,i, in Fig. 9 to
Ei(R)5Ei

01aRN and then summing the contributions fro
all the peaks so that

I ~E,R!5 (
peaks,i

awiti4175.
(E.64)i4 0 
d

e04 0 16.452 147.921 104.366 Tm
(()Tj
/F1
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close to the experimentalE5 peak. For the two smaller dots
the peak splits into two peaks~g! and~h! with different size
scaling behavior.

~5! Peak~j! is only resolvable from peaks~g! and ~h! in
the two smaller dots, where it could correspond to either
experimentalE6 or E7 peaks.

~6! The weaker peaks~b!, ~e!, and~k! are not individually
resolvable for any size of dot in the ensemble spectra.

IV. CONCLUSIONS

We have performed pseudopotential calculations of
electronic structure of both the ground and excited state
free standing InAs quantum dots for a range of experim
tally realistic sizes. Using calculated electron-hole Coulo
energies and dipole matrix transition probabilities we ha
constructed single-dot absorption spectra for 4 different s
of quantum dot. These spectra exhibit a series of cle
resolvable exciton peaks. The size dependence of the spa
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