
theory, in the context of the local density 

formalism. We find very good agreement for the three of the four lowest measured structure factors, while 
our F(200) is ~ 0.4 e/cell higher. We tentatively attribute this difference to uncertainties in the treatment 
of the temperature factors in non-monoatomic compounds. Indeed, comparing with experiment our 
calculation for the monoatomic Si crystal (where the temperature term factors out), we find that theory 
reproduces the measured structure factors to within a very small deviations of ~0.02 e/atom. We have 
also examined the effect of high Fourier components that are not currently amenable to measurements 
on the ensuing NiAI deformation electron density distribution (DEDD) maps. We find that the truncation 
of the Fourier series after four structure factors misses the directional d-like charge lobes near the Ni sites. 
We show that static and dynamic DEDD give a similar picture of the 
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with the results of the self-consistent ab initio 
calculations based on the local density formalism 
[12, 13]. We focus on the following questions: 

(i) How well can ab initio band theory 
describe the first few (low-angle) structure 
factors amenable to such experiments? 

(ii) Can higher-index structure factors 
(that are difficult to measure by electron 
diffraction [9]) be neglected for the 
purpose of assessing the overall charge 
redistribution in the solid relative to free 
atoms? 

(iii) Is the overall charge redistribution 
affected by the inclusion of the 
Debye-Waller temperature factors (that 
are difficult to calculate by ab initio 
methods)? 

(iv) Can the charge redistribution in NiAI be 
characterized as predominantly "ionic", 
"covalent" or "metallic"? 

Questions (i)-(iii) were addressed previously [10, 11] 
for GaAs in the context of the electron diffraction 
measurements of Zuo et al. We extend here our 
previous study to an intermetallic system. 

2. CALCULATED AND MEASURED QUANTITIES 

2.1. Total charge densities 

We start by a summary of the measured (expt) 
[equations (1)-(5)] and calculated (calc.) [equations 
(6)-(8)] quantities that will be compared below. 

Using the "rigid atom approximation" [14], the 
dynamic structure factors for momentum G = 2~z/a 
(h, k, l) are 

M 

F~xpt(G ) = ~ p~(G)e~C"~T~(G) (1) 

where p~(G) is the Gth Fourier component of the 
charge density contributed by sublattice ~ (whose 
position vector is z~) in the unit cell, and T~(G) is the 

's site temperature coefficient 

T,(G) = e -c'p' .G (2) 

where /~, is the anisotropic temperature coefficient 
tensor at site ~t, often approximated by the 
Debye-Waller factor B,/167t z. Note that in 

where the result naturally depends on the highest 
momentum (Gin. x) included in this sum (as we will see 
below, current high-precision experiments are 
limited to rather small cut-off values Gmax). If the 
temperature factor can be deconvoluted from 
equation (1), one can construct the static (purely 
electronic) structure factor 

M 

pewt(G) = ~ p,(G)e 'C''' (4) 
~ t = l  

from which one can synthesize, in analogy with (3), 
the static electronic density 

Gmax 

Pexpt(r, Gmax)= ~, pewt(G)C C'' (5) 
{3 

(Note that we consistently denote dynamic and static 
quantities as F and p, respectively.) 

While diffraction experiments produce discrete 
Fourier components of the charge density, electronic 
structure calculations for periodic crystals can 
produce the total static density Pcalc(r) directly in 
coordinate space. This is obtained by summing the 
wavefunctions squares over all occupied band indices 
i and Brillouin zone wavevectors k enclosed within 
the Fermi energy EF 

CF 

Pc.It (r) = ~ N, (k )~*  (k. r)~O,(k, r) (6) 
i,k 

where Ni(k) is the occupation numbers of band i. The 
Fourier components of the static density can then be 
computed yielding 

if pcalc(G) = ~ Pcalc(r)e -iG't dr (7) 

where fl is the unit cell volume. Since only limited G 
values are accessible experimentally, to compare with 
experiment we then synthesize a truncated static 
density by filtering out all Fourier components above 
a given momentum of Gma x 

Gmax 

pcalc(r, Gmax) = ~ pcalc(G)C c'r. (8) 
G 

If the temperature factors can be deconvoluted from 
the measured structure factors, the resulting static 
density P,wt(r, Gmax) of equation (5) can be compared 
with the calculated quantity p ~  (r, Gma ×) of equation 
(8). This was accomplished, for example for the 
monoatomic Si crystal [15]. Failing to do so requires 
the introduction of temperature factors into the 
calculated charge density. The obvious difficulty 
here is that while the measured structure factors 
represented by the "rigid atom approximation" [14] 
[equation (1)] naturally represent linear contributions 
from atomiclike scattering centers ~t, there is 
no unique way of partitioning the calculated three- 
dimensional density Pcalc ( r )  into atomiclike quantities. 
Consequently, even if the temperature coefficients 
{T~ } are known, it is not obvious how to associate 
them with identifiable "scattering centers" ~ in the 
calculated density for systems having more than one 
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nonunique; a standard choice is to represent it as a 
superposition (sup) of spherically-symmetric neutral 
atomic ground state charge densities n~(r), yielding 
the static result 

M 
p~p(G) = ~ n~(G)e ~C'~ (13) 

~t=l 

and the dynamic result 
M 

Fsup(G ) = ~ n~(G)e~"~T~(G) (14) 
~=1 

where n~(G) is the Gth Fourier component of the free 
atom density n~(r) [not to be confused with the 
crystalline quantity p~(G) of equation (l)]. A variety 
of choices exist for n~(r), e.g. Hartree-Fock results 
[9,17], local density data [18], configuration- 
interaction, etc. The corresponding deformation 
electron density distribution (DEDD) is 

Gmax 
Apsup(r, G,,ax) = ~ [p(G) - p~o(G)]e ~c'. (15) 

c 

Including the temperature factors then yields 
Gmax 

AF~up(r, Gmax) = E [F(G) - F~p(G)le '~''. (16) 
c 

An alternative choice [19] for the model density 
Pmod¢~(r) is the charge density of the solid elemental 
constituents. For example, Fox and Tabbernor [9] 
interpolated the measured structure factors of solid 
f.c.c. A1 and Ni, comparing them to those of NiA1. 
This procedure is complicated by the fact that the 
solid elemental constituents (AI and Ni) have 
the f.c.c, structure while NiAI is a b.c.c, subgroup. 
Furthermore, the molar volumes ~1 of the 
constituents and the compound are very different. In 
what follows we will calculate the charge densities of 
Ni and AI in the hypothetical b.c.c, structure at the 
molar volume of NiAI. We will discuss the density 
deformation taken with respect to a superposition of 
free atoms [equation (15)] as well as that obtained 
with respect to the hypothetical b.c.c, elemental solids 
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This question will be addressed by contrasting the 
calculated Apsup (r, Gma x) for increasing values of Gmax. 
Note that in the case of GaAs, the five available [10] 
experimental structure factors, (111), (200), (220), 
(400) and (333) were previously shown [11] to be 
insufficient to capture the important details of 
APsup(r). 

(iii) It has previously been suggested [20] that even 
when the high-index Fourier components of the static 
deformation density [ p ( G ) -  psup(G)] of equations 
(11) and (12) are non negligible, the temperature 
factors e -BG2/~6~2 will damp them. Consequently, the 
dynamic difference [F(G) - F~p(G)] of equation (16) 
may be negligible for high G's, hence they can safely 
omitted from the DEDD. To test this practice, we will 
compare the dynamic AFsup(r , Gmax) with the static 
Apsup (r, Grnax) density deformation maps. 

(iv) It has been previously shown [9] that in NiAI 
the momenta G = 2~/a(1, 0, 0) and G = 2~/a(1, 1, 1) 
contribute to the deformation density AF~up(r) 
of equations (15) and (16) an "ionic" component 
(depletion of  electron density near the A1 site and 
accumulation on the Ni site), while the 
momentum component G = 2~z /a(2, O, O) contributes 
a "covalent" charge (depletion of electron density 
from both the AI and Ni sites, and accumulation of depletion e-1 1 1 rg
0.40 Tc
0 Tw
(Ni )  Tj  Grnax) 

even  0) - Grnax) AI safel54(r) ) Tj
1 0 0 1 58
12.48 0 TD
D
1 1 1 r
0.72 Tc
0 Tw
(may ) Tj
19.68 0 TD
1 1 1 rg
0.4 

In addition to the issues, we will investigate 
whether alternative definitions of model density 
Pmodel(r) of equation (11) [e.g. using for it the 
density of  solid elemental constituents, equation (17)] 
leads to different conclusions concerning charge 
redistribution. 

3. DETAILS OF CALCULATION 

The single-particle wavefunctions ~O(k,r) of 
equation (6) are obtained by self-consistently solving 
the 

Ceperley and Alder [26], as parameterized by Perdew 
and Zunger [27]. Equation (18) was solved self- 
consistently by the linearized augmented plane 
wave (LAPW) method [28], in which: (i) core and 
valence electrons are included simultaneously (i.e no 
pseudopotential approximation is used), (ii) no 
"shape approximations" to the potential or charge 
density are invoked (we expand the density and 
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Fig. 1. (a) Static total electron density p (r) along the nearest 
neighbor <111 > direction. Solid line is the direct LAPW 
result [equation (6)] while the dashed line is the finite Fourier 
representation of the total electron density pca~¢(r, Gb~g ) 
[equation (8)] using a very large cut-off Gbig = 2n/a(7, 6, 5), 
i.e. 163 stars. Clearly, even when that many stars are 
included in a Fourier series, it still exhibits significant 
oscillations in the bonding region missing in the "exact" 
density. (b) Analogous results for the static density defor- 
mation Aps=p(r) [from equation (15)], showing that this 
quantity is adequately described by a Fourier representation 
outside the core regions [even though we used a smaller 

cut-off Ghig = 2r~/a(6, 3, 1)]. 

gives the directly calculated (Gma x ~ oo) total electron 
density p¢~=¢ (r) of  equation (6). It is compared  with the 
quanti ty pcalc(r, Gbig ) of  equation (8) (dashed line 
in Fig. 1) in which a very 
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representation the total density p [Fig. l(a)] still 
exhibits significant oscillations in the bonding region. 
On the other hand, the density difference Apsup (r, Gbig) 
(equation (12) and Fig. l(b)] obtained from a Fourier  
series using Gbig=2rr/a(6,3, 1) closely mimics the 
directly calculated Apsup(r) in the bonding regions [of 
course, Apsup(r, Gb~g) still fails to reproduce the nodal 
structure near the core]. Note  that the maximum 
magnitude of the static deformation density Apsup(r ) 
outside the core is only ~ 0.1 e /~  3, while the total 
density p(r)  has a magnitude of  ~ 10 eJk 3 at this 
point. Clearly, the bonding charge is tiny. 

Figure 2 shows as solid line the calculated static 
density deformation Apsup(r ) calculated without any 
Fourier  truncation, comparing it to Apsup(r, Gb~,) of 
equation (12), in which a large but finite cut-off 
Gbig = 2zr/a(6, 3, 1) (54 stars) was used. We see again 
that  while the Fourier  representation rounds off the 
nodal  structure in the core region, it does capture 
accurately the structure outside the core ( ~  0.2 
away from the center of AI and Ni) in all bonding 
directions. Figure 3 gives the same informat ion as 
Fig. 2 but as a contour  plot in the (110) plane: the 
untruncated density deformat ion Aps~p(r ) [Fig. 3(a)] 
is seen to be similar to its Fourier  representation 
Ap~p(r, Gb~g) in Fig. 3(b). Our deformat ion density is 
similar to the somewhat noisier previous calculation 
by Fu and Yoo [22(b)]. 

It is interesting to observe the general features of  
the calculated static density deformat ion Apsop(r): if 
one ignores the core regions defined above (which we 
will discuss below), one finds an accumulation of 
density on the Ni sites with depletion on the AI sites 
[Fig. l(b) and Fig. 2]. The density deformat ion on the 
nearest neighbor bond [Fig. l(b)] shows a node near 
the center of the bond, while that  on the next 
nearest neighbors (Fig. 2) is flat. Figure 3 shows 
as shaded regions the directional character  of 

t t 0.2  (o)  . . . .  exact" ( c )  

0 111- . . . . . . . . .  Fou r i e r  ~ 
• , ° , • , 

~- 0 . 2  

0 .1  

0 

- 0 . 1  

- 0 . 2  

AI AI" 

( d /  ' ' ' 

AI Al  

I I I I I I I I I I I I 
1 2 3 4 1 2 

Distance along <110> (~) Distance along <001> (]~) 

Fig. 2. Line plots of the static deformation density Ap,uv (r, Gbig) [equation (15)]. Solid line show the results 
without Fourier truncation (Gmar-,oo), while dashed lines show the results of a Fourier synthesis with 

Gbig = 2n/a(6, 3, 1) or 54 stars. 
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J 

'i. 

,) 

) 

Fig. 3. Contour plots of the static deformation density 
Apsup(r, Gbig) [equation (15)]. (a) Without Fourier trunca- 
tion; (b) with Fourier truncation at Gbis =2n/a(6, 3, 1). 
Solid (dashed) lines represent positive (negative) values of 
Ap. The thick solid lines next to a dashed line gives the 
Ap = 0 contour. Contour spacing is 0.01 e//~ 3. The shaded 
areas denote the directional covalent charge accumulation 

near Ni pointing towards the AI sites. 

the charge accumulation near Ni, discussed further 
below. 

4.2. Compar&on o f  experimental and calculated 
dynamic structure factors 

Table 1 shows a rather good agreement 
(within ~ 0.6% or 80 me/cell) between the calculated 
Fcalc(G ) and measured Foxpt(G) dynamic structure 
factors for the lowest three (100), (110) and (111) G 
values, while for the (200) beam the calculated value 
is 1.7% or ~ 400 me/cell larger than the measured 

Table 1. Structure factors for NiAI (in units of e/cell), showing the results for the solid and for a superposition of atomic form factors, see 
text. The experimental data is from Fox and Tabbernor [9]. The superposition model F, op(G ) is shown both for the local density 

approximation (LDA) and for Hartree-Fock (HF) taken from Table 1 of Fox and Tabbernor [9] 

Dynamic, solid Dynamic, atoms Static, solid Static, atoms 
F.~=(G) F,,,:pt (G) F, ur, (G) Fsu p (G) P~l¢ (G) p~p (G) hkl [equation (9)] [equation (1)] LDA [equation (14)] H F  [equation (7)] [equation (13)] 

100 13.45 13.53 13.23 13.28 13.67 13.44 
110 28.07 28.08 28.12 28.25 28.91 28.97 
111 10.23 10.30 10.22 10.32 10.74 10.73 
200 22.99 22.60 23.00 23.12 24.40 24.42 
210 8.27 8.31 8.34 8.97 9.01 
211 19.50 19.48 19.55 21.32 21.31 
220 16.83 16.82 16.86 18.96 18.96 
300 6.06 6.10 6.06 7.02 7.06 
221 6.07 6.10 6.06 7.03 7.06 
310 14.72 14.74 14.75 17.10 17.11 
311 5.39 5.42 5.38 6.45 6.48 
222 13.06 13.07 13.07 15.62 15.63 
320 4.88 4.90 4.86 6.03 6.05 
321 11.70 11.71 11.70 14.42 14.44 
400 10.57 10.59 10.57 13.43 13.45 
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Here, BN~ and BAI are adjustable parameters while p~ 
and pMV are fixed by theory (Table 1). This yields 
rather reasonable values of BN~ = 0.56 and BA~ = 0.71. 
The fitted values are 

F~t(100 ) = 13.47, F~t(110) = 27.90, 

F~t( l l l  ) = 10.32, F~,(200) = 22.71 (20) 

while the measured data are 

Fexpt(100 ) = 13.53, F~xpt(110) = 28.08, 

F~xpt(11) = 10.30, 

superposition atomic structure factors (using 

Table 2. Structure factors for Si in units e/cell. The difference 6F  t is Fc~¢(G) - Fexpt(G) (in units of  me/cell), while 
6F: = F~up(G ) - Fexpt(G ). The experimental  data  is f rom C u m m i n g s  and H a r t  [8] except when otherwise noted. The 

Debye Waller factor is B = 0.4632 (Ref. [36]). The root  mean  square deviation for fiF I is 10 me/cell 

Dynamic ,  solid Dynamic ,  a tom Static, solid Static, a tom 
F~l,: (G) Fc~pt (G) Fs~ p (G) Pcat¢ (G) Ps~p (G) 

hkl [equation (9)] [equation (1)] 6F  t [equation (14)] c~F 2 [equation (7)] [equation (13)] 

aThe " fo rb idden"  (222) reflection is taken f rom Alkire et al. [34]. 
bData f rom Saka and Kato  [30] f rom which we subtracted the contr ibutions 
scattering [8]. 

of  anomalous  dispersion and nuclear 
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accurate measurements of crystalline structure 
factors to date. We also include in this table the 
"forbidden" (222) reflection measured by Alkire et al. 
[34] and the structure factors of Saka and Kato [35], 
from which we subtracted the contributions of 
anomalous dispersion and nuclear scattering [8]. The 
calculated values for Si were obtained in a precisely 
parallel way as those of NiAI, solving equation (18) 
using the LAPW method with the same 
numerical approximations. The Debye-Waller factor 
B=0 .4632  is used [36]. We see that theory 
reproduces experiment to within 20 me/cell for aell 

BONDING CHARGE DENSITY IN fl'YiA1 

[ $tatic Ap(r) 1 I Dynamic AF(r) [ 
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Fig. 4. Contour plots of the static and dynamic deformation 
density in the [110].plane of NiAI. Adjacent contours are 
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4.4. Static vs dynamic deformation electron density 
distributions 

As discussed above, the immediate product of 
electron structure theory is the static density p(r), 
while that of the diffraction experiment is the dynamic 
density F(r); addition of temperature factors to the 
theory, or their deconvolution from experiment can 
be done only under some model assumptions. It is 
therefore of interest to compare the global features 
obtained in a static deformation density map 
Apsup(r, Gmax) and a dynamic map AFsup(r, Gma×). 
Considering the ratios Fcalc (G)/pcalc (G) and 
Fsup(G)/psup(G ) in Table 1, one notes only a very 
gradual attenuation of the structure factors due to the 
temperature effect: from 0.984 for G = (100) to 0.787 
for G = (400). It is hence not obvious that in general, 
temperature effects will "wash out" the contribution 
of the high-Fourier components to Apsup(r ). To test 
this, we show in Fig. 4(d-f) the dynamic counterpart 
AFsu p(r, Gma x) to the static deformation map 
Apsup (r, Gmax) shown in panels (a-c). We see that the 
static deformation map captures all features of the 
dynamic deformation map, in contrast with the 
expectation of Zuo et al. [20]. This means that (i) 
the current inability to measure accurately high-G 
structure factors poses a real limitation, as the Ap(r) 
map is affected by these terms [compare Fig. 4(d) with 
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(a) (100); u=lO -2 ~ (c) (111); u=lO -3  f" 

(b) (110); u=3xtO -3  (.-~(.-~ (d) (200); u=lO -3  ( 

Fig. 5. Contour plots of the static deformation density in the 
[110] plane from individual Fourier component. The label 
"u" shows the units. (a) (100), units of 10 -2 e/A 3, (b) (I I0), 
units of 3 × 10-3e//~ 3, (c) (111), units of  10-3e//~ 3, and 
(d) (200), units of l0 -3 e//~k 3. The (100) beam exhibits an 
"ionic" character, while (200) shows a "covalent" character. 
Note that the (100) component has the highest amplitude 

whereas (111) and (200) have the lowest. 

Fig. 4(f)]. (ii) For many practical purposes it suffices 
to calculate the static map Ap(r), as it captures most 
of the features of the dynamic map [compare Fig. 4(a) 
with 4(d) or 4(c) with 4(f)]. 

5. DISCUSSION OF THE GENERAL FEATURES 
OF BONDING CHARGE DENSITIES IN NiAI 

5.1. Comparison with superposition of  spherical 
neutral atoms 

Figure 5 depicts the individual contributions 
of each of four lowest structure factors to the 
deformation electron distribution density in NiAI. As 
noted previously [9], the (100) 
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Table 3. Angular decomposed charges inside muffin-tin spheres of 
radii RM. r = 1.2171 A.. The reference system is taken as elemental Ni 
and AI in the b.c.e, structure with the same molar volume as NiA1. 
ANi and AAI show the difference SORMr[pt(NiAI) -- pt(ct)] dr for ~t = Ni 

and AI. The charges outside RMX make up the difference 
s p d f Total 

Ni (CsCI) 0.435 0.438 8.397 0.010 9.281 
Ni (b.c.c.) 0.409 0.345 8.259 0.021 9.040 
ANi 0.026 0.093 0.138 --0.011 0.241 --0.011 
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