
In recent years, much progress has been made in describ-
ing the complex structure of real world networks [1,2]. The
study of dynamical processes taking place in such com-
plex networks has applications in fields ranging from
biology to engineering. One of the most important phe-
nomena involving networks of coupled dynamical systems
is the emergence of large-scale coherent behavior [3,4].
It is often observed that large collections of heterogene-
ous dynamical systems (e.g., cells, fireflies) synchronize
their rhythms so that a significant proportion of the systems
have states that are highly correlated with those of the
others. It is natural to ask what determines the emergence
of such coordinated behavior given the network of inter-
actions between the dynamical systems and their individ-
ual dynamics.

The case of equal-strength all-to-all coupled phase os-
cillators was studied by Kuramoto [5], who considered the
case of N oscillators, each of which is described by a phase
�j and an intrinsic frequency !j. Kuramoto assumed sinu-
soidal coupling so that the phase of oscillator j evolves as
_�j � !j � k

PN
m�1 sin��m � �j�: Kuramoto found that, in

the limit N ! 1, for coupling strengths k less than a
critical coupling strength kc that depends on the distribu-
tion of frequencies, the phases of the oscillators are inco-
herent; i.e., �j are uniformly distributed on �0; 2��. For
values of the coupling strength k larger than kc, a signifi-
cant fraction of the oscillators evolve with a common
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appropriate to describe biological or other strongly hetero-



(necessary for investigation of the onset of coherence) the



values predicted by the theory (vertical lines in the figures).
For example 2 [Fig. 1(b)] the transition on the positive side
is quite sharp and occurs very close to the theoretical value
k


